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ABSTRACT

The design of observers plays a key role in control of non-
linear systems. In this paper we shall consider the problem
of nonlinear observers for Hamiltonian mechanical systems
whose outputis the collection of the generalized coordinates.
It will be shown that these systems are equivalent to linear
time-varying systems after injection of the first derivative of
the output. The analysis of the existence of an observer is
then based upon the theory of time-varying systems. Two
differentiator observers are developed.
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1. INTRODUCTION

The design of nonlinear observers is one of the crucial points
in control theory and has received a great deal of interest
since the appearance of Luenberger’s observer [15]. Signif-
icant contributions to the theory of nonlinear observers were
given by Thau [21], Krener and Isodori [13], Krener and Re-
spondek {14], Bastin and Gevers [1], Xia and Gao [27], Tor-
nambe ([23], [22]), Marino [16], Tsinias [24], Gauthier et al
[6], Krener [12]. Unfortunately, the developed observers de-
pend on a set of geometric conditions under which the dy-
namics of the observation error is linear. The linearization
by input-output injection has appeared as a powerful tool to
linearize the dynamics of nonlinear observers, but no solu-
tion has been proposed to solve the problem of estimation of
the derivatives of the inputs and the outputs, see ([7], [17],

{113, {31, [8]). In [4], the authors have developed a new method

of observer design which consists in estimating the unmea-
sured states from a static diffeomorphism using numerical
differentiation techniques. Other results for this type of ob-
servation are discussed in the literature ([9], [18]).

Mechanical systems have emerged as the most promis-
ing application area for the theory of nonlinear observers,
because of the availability of dynamical models and special
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properties they frequently possess that simplify the analysis
of the existence of observers. In this article we focus our in-
terest upon the observation problem of Euler-Lagrange sys-
tems, in which the generalized coordinates are given by ¢ =

(g1 92 a» )" and the equations of motion are
d f0L{g, )} 9L(g, ) _ IF(q)

where L is the Lagrangian, defined by L(q, ¢) = T'(q, §) —
V(q), T'(q, g) is the kinetic energy, V' (g) stands for the po-
tential energy, and the dot denotes differentiation with re-
spect to time ¢. We note F'(§) the external forces due to dis-
sipation, u is the control inputs, and Q is areal matrix. Equa-
tions (1) are written in Newton second law form as follows

L2 _ou @

M(g)i+Clg, d)d+ 5 5

where M (g¢) is a symmetric, positive definite matrix called
the inertia matrix. The term C'(g, ¢) expresses the workless
forces (Coriolis and centrifugal forces) such that M (q) =
Cl(q, 4) + CT(q, 4). G(q) is the vector of forces derived
from the variation of the potential energy V (¢). Notice that
if the vector y = gq is fully measured, and %ﬁl = Csq,
then we can write the dynamic equations (2) as follows :

%(3) (8 —M-l(q>([5x(3,q'>+c/))<§)
+ (T(iu)), 3

y = g, 4)

where 7(g, u) = M~1(g)(Qu — G{g)). Finally, if we
note the state vector z = (¢ ¢)" € R**>" then system
(2) takes the form :

T, o)z + 5y, u). &)
y = Cuz. ©)
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The resulting state-affine system involves estimation of the
first derivatives of the output, for this reason, section 2 is
devoted to construction of two asymptotic differentiator ob-
servers that can estimate the higher derivatives of any scalar
measured variable.

2. TWO ASYMPTOTIC DIFFERENTIATOR
OBSERVERS

In this subsection, we shall present two observers of order
n which estimate the higher derivatives of any continuous
measured output. The first observer is a smooth observer
with a dynamic gain, while the second is a discontinuous ob-
server with a static gain. We shall show that the differentia-
tor given by Esfandari and Khalil in {5] is a special case of
the first developed observer.

2.1. A differentiator observer with a dynamic gain

Theorem 2.1 Let y : Ryo — IR be a scalar measurable
function. For y large enough, the differentiator observer of
order n

T = Apxn2+L7H1) ClTxn (y—Cixn2), (1)
approximate the derivatives of the variable y up to the order
n — 1 when t — oo, where the matrix L : Ry — IR™*" is

the solution of the dynamic equation
L=yl = AL, L= LAun+CT Cixn, (8

suchthatA,J =d; j1and (Ci =0ifi £1,Cy = 1).

Proof. It is sufficient to compute the transfer functions of the
observer states with respect to the output y when the gain
matrix L(t) converges to a stationary matrix L. It is easy

to prove that whent — oo, L convcrges to a constant matrix

-1 oy 4

Lo of the following type (Loo); ; ~—;;_—J—_~—— where

a € IR™**™ is the solution of
—ya— Al a=adnun+CL, Cixn=0. (9

Taking the Laplace transform of equation (21) and replacing
L by L, the transfer functions ——fi)l become

)?(5) _ _ -1 AT L —1,~T,
Yo - (sl —A+ Lo ' CTC) L~ 'CH(10)
T
_ ) M) e M)
(s+7)"
where each N (s) is given by
— Zcﬁ ,Y/»" Sn—k-‘-j—l (12)
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Then we obtain

Xij(s) Loy Cnntsn it a3
Y(s) Dk=g ChAk snk
It is obvious that
n vk ok ki1
_ Ok gn—kti .
li 22k G =51 (14)

Yoo E::O Cf; ’)lk sn_k

which translates that the observer state )?j approximates the
(j — 1)-th derivative of the output y. ¥

Remark 2.1 We have seen that the observer 5Tam converges
to the gain vector (Cly C2y? ¥ )" which is the
same as the one we would obtain with the hign gain observer

(see [5])

. aq
z1 = x2+—€-(y—$1),
. ap_1
Tn—-1 = 6:_1 (y"l’l)>
) @
Tpn—-1 = Zg(y—xl)
where v = %and(ak =Ck k=1,---,n).

2.2. A sliding mode differentiator observer

Theorem 2.2 For v large enough the states of the following
sliding observer

=0 (B1 ~ y) + 22 — ky sign(é1 — y),
(E)s .
ftn 1= —fn1 (81— y) — kn—1sign(Z1 — v),
En = =B (21— y) — knsign(21 —y),

approximate the successive derivatives of the scalar function
y. The constants (g, { = 1,- -+, n) are supposed to be pos-
itive and the gain coeﬁ‘iczents (Le, €=1,.--,n) are deter-
mined by the formula

{kl = vn,

I‘Z—Cl 1’)7 EZQ,H-,R;TLZQ‘

Proof. The proof is quite similar to the proof of the first the-
orem.

3. THE PRACTICAL OBSERVER : UPDATING THE
DERIVATIVES

Since the unmeasured states are the first derivatives of the
generalized coordinates, the observer discussed in this sec-
tion shall update the derivatives computed by the asymptotic
differentiator observers by constructing another asymptotic



observer whose gain is the solution of Ricatti equation. See
({21, [26], (191, [28], [25], [10]) for more details. We sum-
marize the main result of this section in the following state-
ment

Theorem 3.1 Considerthe system (5), (6). Let&y := (ZA )
2

be the £-th state vector of the system family

€ = Asxofe + LieoCE (e - Cele),

£=1,---,n,
Loxa(t) = = Laxa(t) ~ A7, 5 Laxa(t)
~Laxa(t) Azxa + C¢ Ce,
10 Figure 1: The mechanical system.

such thatCé = (1 0), Asyo = <O 0) [fR(t) .
Rso = R¥* is a symmetric, uniformely positive defi-
nite, and bounded matrix, then the dynamic system 2sin(t). The matrix R is set to the constant identity matrix

N ~ T n of dimension 2. InFig. 2 we present the velocity of the bow]
{ = F(y, €) z+ P@)C R(tl(y = C2) + 9(y, u), (15)nd its estimate. Fig. 3 shows the exact angular velocity of

P(t) = 5(y, )P + PF(y, £) — P()CT R()CP(1), the cylinder and its corresponding observer state. All the ob-
is an observer of the system (5), (6) for v — oo and for any server states are ploted in dash lines.
P(0) > 0.

5. CONCLUSIONS
4. NUMERICAL SIMULATIONS
In this paper we proposed two approaches of observer design

Consider the Euler-Lagrange mechanical system depicted in for Euler-Lagrange mechanical systems where all the gen-
Fig. 1. This system has two degrees of freedom ¢ = (z, 0) eralized coordinates are fully measured. The first approach
where z is the displacement of the bowl and ¢ is the angle of consists in estimating the velocities without any information
the cylinder that rolls inside the bowl without sliding. Ap- of the system dynamics but only upon the measured coor-
plying the Lagrange formulation (1), then equations of mo- dinates. Two differentiator observers are developed for this
tion are given by purpose. We pointed out that the differentiator observer of

. . the dynamic gain converges to the high gain observer pro-

=11, posed in [5] which is based on singular perturbation theory.

?2 : 3{2}@ (kg4 A2 cos g2) 412 gsin 4, Ju F'urthermqre, the deYeloped differentiator (.)bgerver offers a

n= MogJeq—(X sin y3)? M.gdeg—(» sim y2)2 % mice transient behavior because of the variation of the ob-

o = 250 Yz (ky1+Ag3 cos yo) = MegAgsin yz Asin y, wperver gain. The second approach of observation uses the

MegJeq— (A sin y2)? MegJeg—(A sin y3)?

In order to build an observer for (X), let us note the state
vector ¢ = (y1, Y2, 91, ¥2)7. Then (¥) is put in form (5)
such that

0 0 1 0
S 0 0 0 1
Fwa=]0 0 0 pgymdeem, |, (16
A2 sin yo cos yaya
00 0 srtpar
0
J, J, kO A2gsin®
s(y, u) = cqi=Jegkyn+A"gsin” yo (17)

Megdeq— (X sin y2)?
=Ausin y2+Akyisinyo—Me Agsinys
Megdeq— (X 8in y)2

In the simulations represented below, we have taken zg
(0 04 0 0),Z0 = (15 20 -10 -2)7, u(®)

1l

il

states of the differentiator observer to build a simple Kalman
observer for the mechanical system, considered as a linear
time-varying system. It is shown that the existence of the
observer is free from any geometric condition and it can be
used for any Euler-Lagrange system.
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The bow! displacement and its estrnate
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Figure 2: The exact velocity of the bowl and its estimate.
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Figure 3: The exact angular velocity of the cylinder and its
estimate.
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